
7 7' 
Orad p r e s  

Fig. A2. Velocities and angles used for calculating of the energy 
flux through control surface 1. 

tropic at any z in the impeller stream at s = 7 cm: 

Incorporating these simplifications and neglecting fluctuating 
velocities raised to the power 3, we get 

11 = nrlp j'Ila [ ( ~sres + ~ v r e s  u2r,~) COST 

- 2 T J r e s K s  s i n 7  dz (A16)  

The flux of kinetic energy through control surface 2 was 
determined similarly by assuming that uraa was negligible and 
that the flow was isotropic: 

12 = 2 X p  [ ( D r e s , a t  + m r e s , a t y z r e s , a t )  c0s-C 

- 2f7res,at&es,at sin 71 rdr (A17) 
CTres,,t is the sum of the velocity components v,, and ntan, and 
ure7,,,t is the fluctuating velocity in direction of Ures ,a t .  The 

- 

/ 
Fig. A3. Velocities and angles used for calculating the energy flux 

through control surface 2. 

angles and velocity components are shown in Figure A3. 
All the terms in Equations (AlG)  and (A17)  were obtained 

from measured velocities. The control surfaces were set at 
s = 7 cin and z2 = t 3.75 cm for the data presented in 
Tahle 2 .  

Manuscript received June 10, 1974; retiision received and accepted 
April 30, 1975. 

Part II. T h e  Bulk of the  Tank 
Turbulence parameters were measured in the bulk of turbulent stirred 

tanks of 45.7 and 91.4 cm diameter with air as the working fluid. Three 
types of turbine impellers were studied ranging in diameter from 22.8 to 
45.7 cm. The turbulence in the bulk of the tank was essentially homogene- 
ous and isotropic. The normalized one-dimensional energy spectra and the 
Eulerian autocorrelation functions were approximately the same throughout 
the tank and for all tanks, impellers, and operating conditions. The space 
averaged turbulent velocities were correlated by using the turbulent energy 
equation. A transformation of the measured spectra from the frequency 
space to the wave number space was accomplished. Integration of the dis- 
sipation spectra in the wave number space confirmed that most of the energy 
input is dissipated in the bulk of the tank through the turbulent motion. 
The results were extended to low viscosity liquid systems and used to inter- 
pret the data on mass transfer from suspended particles. 
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SCOPE 
Constant power input per unit mass is a frequently used 

scale-up rule for turbulent stirred tanks (UhI and Gray, 
1966). The idea behind this rule is the intuitive assump- 
tion that equal power input per unit mass will lead to a 
similar intensity of fluid motion which in turn will lead to 
similar bulk mixing and turbulent mixing. 

In Part I of this study it was shown that most of the 
power transmitted into a turbulent stirred tank is dissi- 
pated outside the impeller stream. I t  was also confirmed 
that the mean velocities and the velocity gradients are 
much smaller outside the impeller stream than inside. 
A consequence of these results is the conclusion that most 

of the energy transmitted into a turbulent stirred tank is 
dissipated through the turbulent motion. The objectives 
of this part of the study were to measure turbulence 
parameters in the bulk of a stirred tank, to relate these 
parameters to the power input, and to extend the results 
to liquid systems. 

Two tanks were studied, one of 45.7 cm diameter and a 
second of 91.4 cm diameter. Three different types of 
turbine impellers were employed ranging in diameter 
from 22.8 to 45.7 cm. The power input per unit mass was 
varied by more than order of magnitude. The turbulence 
parameters were measured by using the shielded hot-wire 
of Gunkel et al. (1971). 

~ 

- 

CONCLUSIONS AND SIGNIFICANCE 

The turbulence in the bulk of the tank was found to be 
approximately homogeneous and isotropic with the turbu- 
lent velocity having a variation about the space average 
value of the order of 15%. The normalized one-dimen- 
sional energy spectra were essentially the same every- 
where in the tank and for all operating conditions. The 
spectra had a slope of about -5/3 in the low frequency 
range and a slope of about -7 in the high frequency 
range. The Eulerian autocorrelation functions were about 
the same for all operating conditions. The integral length 
scale of turbulence did not change significantly over the 
entire range of conditions. The most important conclusion 
in this part of the study was that the turbulence param- 
eters are not directly related to the tank-impeller geometry 
but indirectly through the power innut per unit mass. 

The space average turbulent velocity was related to the 
power input per unit mass by using the turbulent energy 

equation. A semiempirical correlation obtained from wind 
tunnel studies was found to apply to the turbulence in 
the bulk of a stirred tank as well. The proposed correla- 
tions were extended to cover the more practical case of 
low-viscosity liquids. 

A transformation of the spectra measured in the fre- 
quency space to the wave number space was accomplished 
without the use of Taylor’s hypothesis. Integration of the 
dissipation spectra gave an indenendent measure of the 
energy dissipated in the bulk of the tank. I t  checked well 
with that obtained from the power correlations. 

Inserting the turbulence parameters measured in this 
study into a form of the Frgssling equation led to an equa- 
tion having a form which was in agreement with experi- 
mental correlations relating the mass transfer from sus- 
pended particles to the power input per unit mass or to 
tank and impeller variables. 

PREVIOUS WORK 

In the two studies of the turbulence phenomena in 
stirred tanks reported to date, the streak lines of suspended 
particles were photographed. This method allows only the 
study of the large-scale, low-frequency features of the 
turbulence. Schwartzberg and Treybal (1968) found the 
following correlation between the root-mean-square turbu- 
lent velocity, the impeller speed, and the geometry of the 
system: 

The study of Levins and Glastonbury (1972) was limited 
to two pitched-blade impellers and two impeller speeds. 
Using a modified photographic technique which allowed 
them to distinguish the flow direction, they found turbu- 
lence intensities of about 75%. These values were about 
twice as large as those measured by Schwartzberg and 
Treybal ( 1968). 

APPARATUS AND EXPERIMENTAL TECHNIQUE 

The shielded hot-wire probe employed in Part I was 
used here. In addition to the standard tank (45.7 cm 
diameter) and impeller (22.8 cm impeller) described 
earlier, a second geometrically similar tank of 91.4 cm 
diameter and two other impellers were used. The dimen- 
sions of the impellers are given in Table 1. The right-hand 

u p  = 0.73 N D [ D / ( T ~ H ) ] ~ / ~  (1) 

column of the table gives the power numbers for these 
impellers, The power numbers for two of the impellers 
were given in the literature, while the third was esti- 
mated as follows. It was assumed that doubling the blade 
width of a disk style turbine would double the power 
number. This rule was shown to hold approximately for 
an open six-blade turbine by O’Connell and Mack (1950) 
and by Bates et al. (1963). 

Axial, radial, and tangential fluctuating velocities were 
measured at a large number of locations in the bulk of 
the tank. In reporting much of the data, volume averaged 
values of the root-mean-square fluctuating velocity were 
used. These were obtained from 

TABLE 1. GEOMETRY OF THE IMPELLERS 

Impeller Reference 
W I D  1/D N p  type 

0.2 0.25 5.0 Bates et al. (1963) 

0.4 0.25 10.0 Estimate 

0.2 0.5 3.25 Bates et al. (1963) 

Ii Six blade 
Disk style 
Turbine 
Impeller 
Four blade 
Turbine 
Impeller 
(No disk) 
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TABLE 2. THE ROOT-MEAN-SQUARE VELOCITIES IN rn STANDARD SYSI-EM 

N, s-1 

6.67 
10.0 
13.3 
15.8 

T = 45.7 cm, D = 22.8 em, w/D = 0.2,VD = 0.25 
100 S” 100 so 100 so 

<U’rad> <u’rad> <u’tan> <u’tan> <u’ax> <u’ax> 
m / S  % m / S  % m / S  % 

0.31 26 
0.54 22 
0.79 22 
0.96 21 

m k 

<d> 

0.40 
0.70 
0.91 
1.16 

with an estimate of variance 
n b  k 

Here k is the number of data points taken at a particular 
radial position, m is the number of radial positions, and 
r i /T  is a weighting factor which accounts for the increase 
of volume with radial position. 

EXPERIMENTAL RESULTS 
Turbulent Velocities 

The axial, radial, and tangential turbulent velocities 
were measured throughout the volume of the standard 
tank by varying r,  y, and z. Table 2 gives the space aver- 
aged turbulent velocities and estimates of variance in the 
three directions at four impeller speeds. The rather low 

r, cm 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

38 
27 
17 
22 

0.50 
0.90 
1.22 
1.53 

22 
14 
16 
14 

variance indicates that the velocities do not differ much 
from one location to another. The turbulent velocities in 
the radial and the tangential direction appear somewhat 
smaller than the turbulent velocities in the axial direction; 
however, the turbulent velocities in the axial direction are 
the most reliable. This is because the mean flow in the 
bulk of the tank is essentially in the axial direction, away 
from the impeller stream in the region covered by the 
baffles and towards the impeller in the core of the tank, 
If the shielded hot-wire probe is inserted through the top 
of the tank to measure the tangential and radial velocity 
components, the shield is nearly parallel to the mean 
velocity vector. Figure 10 of Gunkel et al. (1971) shows 
that under this condition the probe is less reliable. 

In Table 3 the local turbulent velocities in the axial 
direction are shown as a function of the radial coordinate. 
Also shown are the local mean velocities and the turbu- 
lence intensity. The turbulence intensity in the bulk of 
the tank was of the order of 60%. This is between the 
turbulence intensity of 75% reported by Levins and 
Glastonbury (1972) and of 35% reported by Schwartz- 
berg and Treybal (1968) in liquid filled stirred tanks. 
In Figure 1 the turbulent velocities in the standard tank 
are shown for several locations as a function of the im- 
peller speed. The turbulent velocities are directly propor- 
tional to the impeller rotation rate at rates greater than 
8 rev./s. This speed corresponds to an impeller Reynolds 
number of 1.5 x 104, which is close to the critical 
Reynolds number obtained from power studies, that is, 
the Reynolds number above which the power number is 
constant. The spread of the data shown in Figure 1 is 
typical of the variation of u’ throughout the tank. 

TABLE 3. THE ROOT-MEANSQUARE VELOCITIES AND THE TURBULENCE INTENSITIES rn AXIAL DIRECTION IN THE 

BULK OF THE TANK 

- 
Ul-, m/s 

2.76 
2.73 
3.15 
3.16 
3.26 
3.30 
3.14 
2.96 
2.76 
2.73 
2.43 
1.22 

U’ax, m / s  

1.70 
1.59 
1.48 
1.37 
1.29 
1.28 
1.32 
1.44 
1.50 
1.52 
1.59 
1.59 
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7 = 0, z = -12 a, N = 15.8 S-1 

u’- 100 

U, 
% 

62 
58 
47 
43 
40 
39 
42 
49 
54 
58 
65 
72 

r, 

12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
22.8 

- 
U,, m/s 

2.40 
2.19 
2.33 
2.40 
2.34 
2.08 
1.62 
0.92 

-2.51 
-3.56 
-2.12 

- 1.34 

U’ax, m/s 

1.63 
1.64 
1.63 
1.59 
1.52 
1.52 
1.48 
1.67 
1.81 
1.80 
1.44 
0.95 

September, 7 975 

u’, 100 

uax 
% 

68 
75 
70 
66 
65 
73 
91 
182 
136 
72 
40 
45 
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2 

1 

UI 
m/sec 

0.1 

0.01 

O A  - 
A 

- 6 - 
- 

I I I I 1  
DIRECTION S,Cm -z,Cm 

0 radia I 7 5 
tangential 5 2 

A tangential 1 5 
A ,  radial 3.6 11.5 

I I I 

N. sec-' 
Fig. 1. Root mean square fluctuating velocity in the bulk of the tank. 

From the work in the standard tank-impeller system, it 
was concluded that the axial velocities were measured 
with the best accuracy and that the spatial variation of 
turbulent velocity was small. Thus, in the other systems 
the axial velocities were measured at a smaller number of 
locations. Typically, data were obtained at a number of 
radial positions at a single axial location. Equations (2 )  
and (3)  were then used to obtain <u'> and sU2. The 
measurements are summarized in Table 4. Experiments 
5-8 and 9-12 were with the same tank and impeller but 

Impeller 
we 

Six blade 
Disk style 
Turbine 
Impeller 

Four blade 
Turbine 
(No disk) 
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106 

lo-' 

z--1Ocm 

- N-15sec- 

2=-15crn, 

rn N-10sec-1 
z - -1Ocrn 

- 

0-0 

,s-lcm, 

0-90", 

, s-4cml 

,0-20" , 

10-8 1 probe in vertical 

plane 

1 I 1 1 1 1 1 1  I I I I U  

loo lo1 lo2 lo3 ~ c f  
2 3 4 6 8  2 3 4 6 8  

109 1 

n ( H z )  
Fig. 2. One-dimensional energy spectra in the bulk of the tank for 

the standard system. 

at two different axial locations. These data demonstrate 
that the choice of the axial position hardly affects the mea- 
sured space average turbulent velocity. In all other ex- 
periments the probe was located halfway between the 
bottom of the tank and the impeller. In all cases the 
velocity varied so little that the space average value of 
u'2 was within 5% of <u'>2. 

TABLE 4. THE AVERAGE TURBULENT VELOCITIES IN VARIOUS TANK-IMPELLER SYSTEMS 

100 S" 

Exp. no. T, cm 

1 45.7 
2 
3 
4 
5 45.7 
6 
7 
8 
9 45.7 

10 
11 
12 
13 91.4 
14 
15 
16 91.4 
17 
18 45.7 
19 

September, 1975 

I), cm w / D  N, s-1 

22.8 0.2 6.67 
10.0 
13.3 
15.8 

10.0 
13.3 
15.0 

10.0 
13.3 
15.0 

22.8 0.4 6.67 

22.8 0.4 6.67 

45.7 0.2 3.33 
6.67 

10.0 
30.5 0.2 10.0 

13.3 
22.8 0.2 10.0 

13.3 

12.0 0.50 
0.90 
1.22 
1.53 

7.5 0.64 
1.09 
1.44 
1.66 

15.0 0.75 
1.21 
1.62 
1.80 

22.5 0.52 
1.11 
1.57 

22.5 0.62 
0.86 

12.0 0.77 
1.01 

<U'FlX> 

% 

22 
14 
16 
14 
17 
20 
20 
16 
17 
16 
17 
17 
12 
12 
8 
8 

10 
4 
4 
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n ( H 4  
Fig. 3. One-dimensional energy spectro in the bulk of the tank for 

several tank-impeller systems. 

One-Dimensional Energy Spectra 
One-dimensional energy spectra of the turbulent veloc- 

ities in the axial, the tangential, and the radial direction 
were measured in both tanks for various operating condi- 
tions. Some spectra for the radial component of the 
velocity taken in the bulk of the standard tank are shown 
in Figure 2, and some spectra for the axial component 
of the velocity taken in other tank and impeller systems 
are shown in Figure 3. By graphically integrating the 
spectra it was confirmed that 

I" E;(n)dn = 3 (4) 

The spectra in Figures 2 and 3 are normalized by using 
the integral in Equation (4) .  All of the more than fifty 
spectra obtained in different locations in the two tanks, 
for different velocity components, that is, for different 
orientations of the probe, for different impellers, and for 
different speeds, were very similar with some scatter in 
the high-frequency range. The spectra show three distinct 
regions with increasing frequency, one with slope zero, 
one with slope of about -5/3, and one with slope of 
about -7. 

Figure 4 shows the one-dimensional dissipation function 
computed from 

( 5 )  
%(n) - n2E1 (n) -- 
3 $-El(n)dn 

This form of the dissipation function is obtained if the 
energy transfer term in the dynamic equation for the 
energy spectrum is neglected. Most dissipation takes place 
in the frequency range between 10 and 103 Hz. The 
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m 

0 

t 

0 4-blade impeller, D-22.8cm.N=13.3sec-' 

v 6-blade impeller, D-45.7cm.N =lOsec-' 
rn 6-blade impeller, D-30.5cm.N=133sec~' 

probe in horizontal plane 

n l-4 
Fig. 4. One-dimensional dissipation function in the bulk of the tank. 

bblade impeller 

6-blade impeller 

4-blade impeller 

D: 30~5cm.T=91~4crn,~43~lcm,z~11~4cm , c = O ,  N- 13.3sec-' . 

r n , z 4 6 c m  , I -0 ,  N-134sec.' . 

probe in horizontal plane . 
1 

- - - - - - - typical noise bandwidth 

.-- -I - -I , , 
0 20 40 60 8 0  100 1 2 0  

I (msec) 

Fig. 5. Eulerian autocorrelation function in the bulk of the tank for 
several tank-impeller systems. 

maximum in the dissipation function is between 100 and 
300 Hz. 

Eulerian Autocorrelation Function 
The Eulerian autocorrelation function 

was measured in various sections of the two tanks, for 
different impellers and operating conditions. The correlo- 
grams computed by the PAR signal correlator were plotted 
on an x-y recorder, graphically interpolated, normalized, 
and then replotted. All correlograms were taken at least 
ten times. In Figure 5 the autocorrelation function is 
shown for a variety of conditions. The noise level, that is, 
the scattering observed when the correlogram was mea- 
sured several times at the same location under the same 
operating conditions, is indicated. All the correlograms 
obtained for different operating conditions were very sim- 
ilar. The Eulerian integral time scale, which is obtained 
by integrating the Eulerian autocorrelation function, 
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TABLE 5. CORRELATION OF THE TURBULENCE P~RAMETERS 

Experiment 
number 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

P, 
m2 kg 

s3 

1.12 
3.77 
8.94 

14.95 
2.24 
7.54 

17.87 
25.30 
2.24 
7.54 

17.87 
25.30 
4.46 

35.80 
120.90 
15.87 
37.60 
2.48 
5.89 

- 
V, m3 

0.075 
0.075 
0.075 
0.075 
0.075 
0.075 
0.075 
0.075 
0.075 
0.075 
0.075 
0.075 
0.600 
0.600 
0.600 
0.600 
0.600 
0.075 
0.075 

12.4 
42.0 
99.0 

165.0 
24.7 
83.3 

197.3 
280.0 
24.7 
83.3 

197.3 
280.0 

6.2 
49.4 

166.7 
22.1 
51.9 
27.4 
65.0 

0.50 
0.90 
1.22 
1.53 
0.64 
1.09 
1.44 
1.66 
0.75 
1.21 
1.62 
1.80 
0.52 
1.11 
1.57 
0.62 
0.86 
0.77 
1.01 

0.117 
0.158 
0.197 
0.224 
0.139 
0.188 
0.234 
0.256 
0.139 
0.188 
0.234 
0.256 
0.098 
0.165 
0.224 
0.135 
0.168 
0.142 
0.177 

Average value of Ze = 2.64 cm 
Standard deviation = 0.69 cm 

I 1 1 1 , 1 1 1 1  

2 4 6 8  4 6 8  4 
102 1 0’ 

Fig. 6. Mean square fluctuating velocity in the bulk of the tank as 
a function of power input. 

difTered in the extreme case by a factor 3. The Eulerian 
integral time scales for the radial and the tangential 
velocity components were somewhat smaller than the 
scale for the axial component. It is again thought that the 
relatively poorer accuracy of the shielded hot-wire probe 
when placed parallel to the mean flow direction is respon- 
sible for this result. 

DISCUSSION 

Treatment of the data is based upon the assumption 
that the turbulence in the bulk of the tank is isotropic. 
This assumption is supported by the small variation in the 
root-mean-square value of the fluctuating velocity through- 
out the bulk of the tank, the essentially similar spectra of 
the radial, axial and tangential components of the velocity 
throughout the bulk of the tank, and the existence of a 
-5/3 range in all of the measured energy spectra. With- 
out this assumption, no further treatment of the experi- 
mental data would be possible. However, one must keep 
in mind that the condition of local isotropy is only a 
model which is approximated to some extent in flows hav- 
ing large turbulence Reynolds numbers. 

0.0130 
0.0095 
0.0077 
0.0068 
0.0109 
0.0080 
0.0065 
0.0059 
0.0109 
0.0080 
0.0065 
0.0059 
0.0154 
0.0092 
0.0067 
0.01 12 
0.0090 
0.0106 
0.0085 

hg, cm 

0.215 
0.208 
0.185 
0.179 
0.194 
0.180 
0.155 
0.150 
0.225 
0.200 
0.173 
0.162 
0.314 
0.238 
0.183 
0.198 
0.180 
0.221 
0.189 

72.0 1.52 
124.0 2.61 
149.0 2.76 
181.0 3.27 
82.0 1.59 

130.0 2.32 
148.0 2.28 
165.0 2.45 
112.0 2.56 
160.0 3.18 
186.0 3.08 
193.0 3.12 
108.0 3.40 
175.0 4.13 
190.0 3.48 
81.0 1.62 

102.0 1.85 
113.0 2.48 
126.0 2.38 

The Turbulent Velocities 
Assuming, then, that the energy transmitted into the 

tank is dissipated in the bulk of the tank through the 
turbulent motion and that the turbulence is isotropic and 
homogeneous, we can simplify the turbulent energy equa- 
tion to 

where 1, is the lateral Eulerian microscale. 
In Figure 6 the measured values of <u’2> are plotted 

on a logarithmic scale against the energy dissipation per 
unit mass. The latter quantity was calculated from the 
power numbers presented in Table 1. All the data fall 
close to a line with slope 2/3: 

<u”> ( U P 3  ( 8 )  
The dotted lines in Figure 6 represent the error of 

*15% in the velocity measurements. As a consequence 
of the correlation of Figure 6 and Equation (7) 

kg%€--1/3 (9) 
The turbulence Reynolds number obtained by combining 
this microscale and the turbulent velocity is calculated 
from 

(10) 
<u’> A, 

R@. = 
V 

The length and velocity scale of the KolmogorofE equilib- 
rium range were calculated from 

0 = ( v 4 1 ’ 4  (11) 

7) = (Y3/€)1’4 (12) 

Table 5 summarizes the results for each experiment listed 
in Table 4. For the range of operating conditions covered 
in this study, the turbulence Reynolds number ReA was 
between 72 and 193. For values of Reh in this range, a 
-5/3 inertial subrange appears, and local isotropy is a 
fair approximation for grid generated turbulence but not 
for turbulent shear flow where higher Rex is required 
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(Brodkey, 1967). 
Rearranging Equation (8), we get 

r(u<dS> (13) 
This last equation is of the same form as a semiempirical 
equation proposed by Batchelor (1953) 

where 1, is the scale of the energy containing eddies, and 
A is a numerical constant which was found from wind 
tunnel experiments to be near unity. In all subsequent 
calculations, A was taken to be 1. The scale of the energy 
containing eddies 1, computed from Equation (14) is 
shown in Table 5. The data are scattered around an aver- 
age value of 2.6 cm. The scales for the large and small 
tanks were not statistically different: 1, = 2.90 cm with s, 
= 0.98 cm in the large tank and I ,  = 2.54 cm with s, = 
0.52 cm in the small tank. The range of scales computed 
for different tanks, for different impellers, and for differ- 
ent impeller speeds is small considering that these scales 
were computed from velocity data raised to the power 3. 

The observation that the scale of the energy containing 
eddies remains constant for the experimental conditions 
covered in this study is rather surprising. It is generally 
thought that the scale of the largest eddies is related to 
the dimensions of the flow system and in particular that 
the scale of the energy containing eddies is of the same 
order of magnitude as the scale of the obstruction respon- 
sible for generating the turbulence. Figure 3 in Part I 
shows that the flow in the bulk of the tank is towards the 
impeller; thus it is difficult to see how the scale of the 
turbulent eddies generated by the impeller can be pre- 
served after the interaction of the impeller stream with 
the fluid entrained from the bulk of the tank and with the 
baffles. As Figure 9 of Part I shows, the periodic velocity 
fluctuations have disappeared before the impeller stream 
reaches the wall; hence, all information about the shape 
of the impeller has been lost before the wall is reached. It 
is not yet clear which factors determine the size of the 
energy containing eddies in the bulk of the tank; how- 
ever, the scale of these eddies is much smaller than the 
tank diameter. 

Equation (14) may be rewritten to show the de- 
pendence of <u'> upon c explicitly: 

<u'> = (2/3) l/s@L'/s (15) 

This may be compared to Equation (1)  which can be 
rewritten as follows: 

The similarity of the equations is obvious. Schwartzberg 
and Treybal's expression, Equation (16), shows only a 
weak effect of the size of the tank-impeller system through 
the Dl13 term. 

If it is recalled that in this study the tank diameter was 
varied by a factor 2, that the turbine impellers of different 
design were used, that the impeller blade width was 
varied by a factor 2, that the power input was varied by 
a factor 40, and that the impeller speed was varied over 
a wide range, the correlation of all the data with Equa- 
tions ( 7 )  and (14) is striking. This gives confidence in 
the soundness of the assumptions that the energy trans- 
mitted into the tank is dissipated outside the impeller 
stream through the turbulent motion and that the turbu- 
lence in the bulk of the tank is approximately homogene- 
ous and isotropic. 

The Integral scale sf Turbulence 

ing the Eulerian autocorrelation function 
The Eulerian integral time scale is obtained by integrat- 

TE = 1- & ! ( t ) d t  (17) 

From an integration of Figure 5, the value of 19 ms is 
obtained. An inspection of the more than 100 correlograms 
taken in this study showed that the Eulerian integral time 
scale did not change significantly over the range of oper- 
ating conditions covered. The spread in the scales obtained 
was similar to the spread obtained for the scale of the 
energy containing eddies. No systematic relation between 
the tank and the impeller geometry and the integral time 
scale was found. 

Hinze (1959), assuming a von Karman interpolation 
for the energy spectrum, obtained 

Lf = 0.751, (18) 
Use of the average value of I ,  = 2.6 cm gives the follow- 
ing estimate of the integral scale of turbulence in the bulk 
of a stirred tank: 

A combination of this scale with the Eulerian integral time 
scale permits the computation of the apparent convection 
velocity of the turbulent flow field: 

Hence 

The significance of this velocity is not known; however, 
it is of the same order of magnitude as the turbulent veloc- 
ities in the bulk of the stirred tank but smaller than the 
mean velocity. 

Transformation of the Spectra into the Wave Number Space 
The spectra presented in Figures 2 and 3 are in the 

frequency space. If these spectra could be transformed 
into the wave number space, the major result of Part I 
could be checked, since the energy dissipation in the bulk 
of the tank could then be calculated from 

Lf = 1.95 (19) 

Lf = U c T ~  (20) 

U, = 1.03m/s (21) 

where El(k) is the one-dimensional energy spectrum in 
the wave number space. In the bulk of the tank the turbu- 
lence intensity is so high that Taylor's hypothesis cannot 
be used to transform frequency into wave number. An 
alternative transformation is proposed here based on two 
assumptions. 

The first assumption is that the shape of the spectrum 
in the wave number space is the same as the shape of the 
spectrum in the frequency space. The spectrum in the 
wave number space will have a range where the slope is 
equal to zero, followed by a range of about 1.5 decades 
where the slope is close to -5/3. It is expected that the 
transition point between these two ranges will be close to 
the wave number corresponding to the size of the energy 
containing eddies. In the high wave number region there 
will be a range where the slope of the energy spectrum 
is close to -7. This range starts near the wave number 
corresponding to the size of the smallest eddies present in 
the flow field. The second assumption is that the spectrum 
in the wave number space can be fitted by a mathematical 
expression of the following form 
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Fig. 7. One-dimensional energy spectrum in the bulk of the tank as 
a function of wavenumber. 

where B is a constant. The form of Equation (23) was 
chosen, in part, because it is similar to expressions giving 
the mathematical representation of Bode diagrams. Bode 
diagrams are like energy spectra in that they show dis- 
tinct ranges having constant slopes with smooth transi- 
tions between these ranges. Additional justification for the 
form of Equation (23) is given subsequently. 

The turbulent velocity is related to the energy spectrum 
by 

<d2> = l" El (k) dk (24) 

The constant B in Equation (23) can be estimated by 
noting that most of the energy is concentrated in the low 
wave number region and that in this region the energy 
spectrum is well approximated by using only the first 
term in the denominator of Equation (23) : 

(25)  
dk m 

B=<U'2' 1 (1 + lek)b/3 
Integration yields 

(26)  
2 B = -  le <d2> 

The one-dimensional energy spectrum in the wave number 
space becomes 

Figure 7 shows the spectra from Figure 2 plotted in the 
wave number space. The lines were obtained from Equa- 
tion (27) with I ,  = 2.6 cm and 7, the scale of the smallest 
energy containing eddies, taking its extreme values: 
0.00645 and 0.0136 cm. Equation (27) is in good agree- 
ment with the experimental findings in that the energy 
spectra are very similar over the whole range of operat- 
ing conditions. Only in the high wave number region, and 
this is the region where the experimental data show some 
scatter, does Equation (27) discriminate between spectra 
for low power inputs and spectra for high power inputs. 
The curves of Figure 7 provide an excellent fit to the ex- 
perimental spectra shown in Figures 2 and 3. By com- 
paring the scales at the top and the bottom of Figure 7 a 
relation between the frequency and the wave number can 
be obtained; a frequency of 1 Hz corresponding to a 
wave number of 4 x 10-2 cm-l. The apparent convec- 
tion velocity of the turbulent flow field is therefore 

2 m  
k 

U, = - = 1.57 m/s 

This velocity is slightly higher than the convection veloc- 
ity computed in Equation (21);  however, it is still in the 
range of the turbulent velocities measured in this study. 

Also indicated on Figure 7 are the wave numbers cor- 
responding to the size of the energy containing eddies I , ,  
the smallest eddies 7, and the probe. The wave numbers 
were obtained by taking the reciprocals of l,, 7, and the 
diameter of the hole in the probe shield. Despite the fact 
that Reh < 200, the data show a good separation between 
kl, and k, as required for the existence of a -5/3 inertial 
subrange. The experimental data for wave numabers much 
larger than kprobe are suspect. 

Mujumdar et al. (1970) computed the longitudinal 
integral length scale from 

(29)  

The conditions for applying this relation are discussed 
by Hinze (1959). Reading from Figure 2 for the value of 
the zero intercept a value of 4.5 x 10-2 s and using the 
apparent convection velocity of the turbulent flow field 
given by Equation (28), we get for Lf  

Lf = 1.77 cm (30) 

This value of Lf is very close to the value obtained earlier 
in Equation (19). 

In Figure 8 the dissipation spectra of Figure 4 are re- 
plotted in the wave number space. The curves obtained 
by using Equation (27) for the energy spectrum give a 
good fit to the data up to frequencies of 103 Hz, where 
most of the dissipation takes place. However, the decrease 
of the spectrum in the high-frequency region seems to be 
sharper than predicted. This could mean that the exponent 
in the second term in the denominator of Equation (27) 
should be larger; however, as noted above, the data in 
this region cannot be considered reliable. At the moment 
the slope of the spectrum in the high wave number range 
is unknown, although a slope of -7 has been predicted 
by Heisenberg ( 1948). 

Further justification for the form of the spectrum chosen 
here, Equation (27),  comes from a comparison with the 
results of Grant et al. (1962). In the inertial range where 
El ( k )  is proportional to k - 5 ' 3 ,  the one-dimensional 
spectrum can be approximated by 
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Fig. 8. One-dimensional dissipation spectrum in the bulk of the 
tank as a function of wavenumber. 
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El (k )  = CP/3/k5/3 (31) 
Grant et al. determined the constant C from measure- 
ments on a turbulent flow with a very large value of Re*. 
Their data gave 

C = 0.47 -t 0.02 

Equation (27) evaluated for the same range yields 

El (k )  = 2 < ~ ' ~ > / 3 1 e ~ / ~  k5'3 

(32) 

(33) 
Combining Equation (15) with Equation (33),  we get 

Thus, Equation (27) provides an estimate for C of 
(2/3)5/3 = 0.509, which is in good agreement with the 
data of Grant et al. ( 1962) summarized in Equation (32) .  

With the transformation to the wave number space now 
complete, the energy dissipated in the bulk of the tank 
can be estimated through Equation (22) .  By using the 
extreme operating conditions of this study, 7 = 0.00645 
cm and 3 = 0.01362 cm, Equation (22) was integrated 
numerically to give the results shown in Table 6. The rate 
of energy dissipation computed from Equation (22) is 

TABLE 6. COMPARISON OF ENERGY DISSIPATION CALCULATED 
FROM N ,  AND FROM THE INTEGRATION OF EQUATION (22) 

e, m2/s3 
from a, m2/s3 
power from 
corre- <u'>, Equation 
lation 11, cm 1,, cm m/s (24) 

10 0.00645 2.6 0.56 6.1 
200 0.01362 2.6 1.52 126 

approximately 62% of the energy input calculated through 
the power number correlations. Since the data were space 
averaged and the transformation to the wave number 
space was not certain, the agreement between the two 
values of e is considered excellent. This is a good check 
on the conclusion of Part I that essentially all of the 
energy put into the tank is dissipaled in the bulk of the 
tank through the turbulent motion. 

Extension of the Results to  Liquid Systems 
Equations (7 )  and (14) will apply to stirred tanks con- 

taining low viscosity liquids. In the turbulent range, the 
power input per unit mass can be computed from a power 
correlation : 

4NpN3D5 
TT2H 

c =  (35) 

Hence, there are three equations, ( 7 ) ,  (14),  and (35),  
with four unknowns, <u'>, A,, e, and I,. In the following 
some evidence is presented which supports the postulate 
that the scale 1, will be approximately the same in air and 
in water. 

In the low wave number range, where most of the 
turbulence energy is concentrated, the energy spectrum 
has a slope of -5/3. The same was observed in liquid 
systems by Kim and Manning (1964), by Rao and Brod- 
key (1972), by Sato et al. (1967), and by Cho et al. 
( 1971). Concentration spectra measured by Manning and 
Wilhelm (1963), by Reith (1965), and by Cho et al. 
(1971) also show a range with slope -5/3. Kolmogoroff 
(see Hinze, 1959) predicted such a slope for an inertial 
subrange of the universal equilibrium range where viscos- 
ity effects play no role; thus the presence of a range 
where the energy spectrum has a slope of -5/3 implies 
that the turbulence in this range is not a function of the 
viscosity. As a consequence, the turbulent velocity and the 
scale most characteristic of this inertial range, that is, 
<u'> and l,, are not affected by the viscosity and are the 
same in air and liquids of low viscosity. There is some 
experimental evidence to support this speculation. The 
longitudinal integral length scale reported in the literature 
for liquid-stirred tanks is typically Lf - 1 cm. Outside the 
impeller stream Cutter (1966) found values for Lf be- 
tween 0.49 and 0.99 cm. In the impeller stream Rao and 
Brodkey (1972) found Lf  = 0.475 cm, while Cho et al. 
(1971) found values between Lf = 0.19 cm and Lf = 
1.2 cm. These scales are of the same magnitude as Lf = 
1.95 cm and Lf = 1.77 cm obtained through two different 
methods in this study. Clearly, Lf  and also I, are of the 
same order of magnitude for low viscosity liquids and for 
air. Even if there is some difference, the turbulent velocity 
<u'> computed from Equation (14) would not be 
affected very much because the exponent over <u'> is 3. 

Based on these arguments, it is assumed that the present 
results can be extended to liquid systems bv assuming that 
I, = 2.6 cm. Now <u'> can be computed from Equation 
( 5 ) ,  and A, can be computed from Equation ( 7 ) .  This 
procedure is valid only if Rex is large enough, that is, 
Reh > 100. This critical Reynolds number corresponds to 
starting the fully turbulent range at N - 8 s-l in the 
standard svstem used in this studv (see Fiqure 1 ) .  It 
should be noted that above procedure implies that the 
turbulent motion in the bulk of two different stirred tanks 
is the same at equal power input per unit mass, even if 
the impeller Revnolds numbers and the geometrv are not 
the same. In the following section one application of the 
present results is given. 

Mass Transfer from Suspended Particles 
Mass transfer from a single sphere to a fluid flowing 

past it can be described by an equation of the following 
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form 

where a = 1/3 for Re, < 1 and a 1/2 for Re, > 10. A 
review of published experimental work on mass transfer 
from suspended particles is presented by Gunkel (1973). 
It is sufficient here to note that over a wide range of sizes 
for fairly large particles, the mass transfer coefficient is 
not a function of the particle diameter (Furusawa and 
Smith, 1973; Barker and Treybal, 1960; Humphrey and 
van Ness, 1957), while for very small particles the mass 
transfer coefficient increases with decreasing particle 
diameter (Harriot, 1962; Brian et al., 1969; and Levins 
and Glastonbury, 1972). 

Levins and Glastonbury (1972) found that particles 
suspended in a stirred tank followed the path of the large 
turbulent eddies and tbat slip between the particles and 
the fluid was small. Therefore, it is the small eddies of 
approximately the same size as the suspended particles 
which are responsible for the mass transfer, and the 
Reynolds number in Equation (36) should be written 

Sh,, = 2 + bRePa SC’/~ (36) 

Ukdp Re, = - 
V 

(37) 

where uk is the velocity of the eddies in the wave number 
range corresponding to the size of the particles. It was 
found in the present study that 

<u’> ff ( ZeE) 113 

It was also found that the energy spectra were about the 
same for all operating conditions and that the energy 
spectra in the inertial range were proportional to k-5/3 .  
Hence 

Replacing the wave number by the reciprocal of the parti- 
cle diameter, we get 

and finally 

We also note that impeller and tank variables can be used 
in place of E through Equation (35) : 

Re, CY ND4f3 ( D / P H )  1/3 &11/6/1e1/2~ (42) 

Substitution of Equation (41) or (42) into Equation ( 3 6 )  
yields a predicted form for the Sherwood number. For 
example, for large Re,, Sh >> 2, and 

(38) 

Uk CY ( l e e )  ( l,k) -’/’ (39) 

uk a! (I&) ‘ I3  (&/I,) 5/6 (40) 

Re, LY P3 dp11/6/1,1/2~ (41) 

or 

(43) 

_. 
N1/202/3&11/12 1/6 

sh, le1/4 ,,1/2 (&) SC’/3 (44) 

In each Oase the mass transfer coefficient is only weakly 
dependent on particle diameter. Correlations similar to 
Equations (43) and (44) have been proposed (see Brian 
et al., 1969; Levins and Glastonbury, 1972; and Miller, 
1971). 
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NOTATION 

A, B, C = constants 
a, b = constants 
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D = impeller diameter 
G$ = particle diameter 
El ( k )  =one-dimensional energy spectrum in the wave 

number space 
E l ( n )  = one-dimensional energy spectrum in the fre- 

quency space 
H = height of tank 
k = wave number 
Lf 
L L  
I 
I, 
N 
N ,  
n = frequency 
P = power input 
RE = Eulerian autocorrelation function 
Re, = particle Reynolds number 
Rex = turbulence Reynolds number 
r = radial coordinate 
s,,2 = estimate of variance 
Sc = Schmidt number 
Sh, = particle Sherwood number 
T = tank diameter 
TE 
t = time 
U ,  = apparent convection velocity 
U = mean velocity 
u = fluctuating velocity 
u’ 

<u‘> = space averaged value of u’ 
V = volume of tank 
u = Kolmogoroff velocity scale 
w = impeller blade width 
z = axial coordinate 

Greek Letters 
E 

A, = lateral Eulerian microscale 
Y = fluid kinematic viscosity 
Q~ ( n )  = one-dimensional dissipation spectrum in the fre- 

p = fluid density 
T 

7) = Kolmogoroff length scale 
y 

Subscripts 
ax = axial 
rad = radial 
tan = tangential 

= longitudinal integral length scale 
= Lagrangian integral length scale 
= length of impeller blades 
= scale of energy containing eddies 
= rate of rotation of impeller 
= power number = P/pN3D5 

= Eulerian integral time scale 

- 

= root-mean-square value of the fluctuating veloc- 
ity 

= rate of energy dissipation per unit mass 

quency space 

= time delay in autocorrelation function 

= angle measured in horizontal plane from baffle 
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Mixing in the Interaction Zone 
of Two Free Jets 

Mixing in the interaction zone of two round free jets with nozzle axes 
intersecting at  half-angles of 15, 30, and 45 deg. has been studied by the 
smoke scattered light technique. The fields of mean concentration and 
concentration fluctuation intensity were mapped with one jet marked with 
smoke, the other jet marked, and both jets marked. The correlation function 
between the concentration fluctuations associated with fluid of the two 
nozzle streams has been calculated from the results and is an important char- 
acteristic of the mixing field and a significant measure of molecular mixed- 
ness. A transport equation for the associated covariance function is derived, 
and the special features of the mathematical modeling problem for this class 
of mixing process are discussed. The implications of the results for proc- 
esses involving chemical reactions are examined. 

H. A. BECKER and B. D. BOOTH 
Department of Chemical Engineering 

Queen’s University 
Kingston, Ontario, Canada 

SCOPE 
Rapid and thorough mixing of fluid streams is often ac- 

complished by means of turbulent jets. The mixing may 
be accomplished by chemical reaction, as in combustion 
system5 where some or all of the jets may take the form 
of turbulent diffusion flames. In either case, with or with- 
out chemical reaction, knowledge of the turbulent mixing 
process is essential to an understanding of the system per- 
formance. The present work is a contribution towards 
such knowledge in two areas of higher complexity on 
which published data are meager: mixing fields entered 
by three or more feed streams and mixing fields with a 
strongly three-dimensional character. Experimental re- 
sults are reported for a typical and practically significant 
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Becker. B. D. Booth is with the Department of Consumer and Corporate 
Affairs, Government of Canada, Ottawa, Canada. 
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example. A theoretical analysis of the special features of 
the three-stream problem is given and is applied to in- 
terpret the experimental data. 

The situation chosen for experimental study is that 
of two jets (both air) issuing into a virtually infinite, stag- 
nant body of fluid (room air). The nozzle axes are CO- 
planar and intersect in the downstream direction; that is, 
the jets are obliquely aimed towards each other. The 
angle 2 a between the axes was given values of 30, 60, and 
90 deg. Interest was focused on the interaction zone where 
the jets merge and the nozzle fluid from each becomes 
thoroughly mixed with that of the other. A light-scatter 
technique was used to study the mixing process. First one 
nozzle stream was marked with smoke, then the other, and 
finally both. Measurements were made of the mean (time- 
average) smoke concentration field and of the root-mean- 
square value, called the intensity, of the turbulent con- 
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